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Abstract
We call a connected Lie group endowed with a left-invariant Lorentzian flat metric
Lorentzian flat Lie group. In this Note, we determine all Lorentzian flat Lie groups
admitting a timelike left-invariant Killing vector field. We show that these Lie groups
are 2-solvable and unimodular and hence geodesically complete. Moreover, we show
that a Lorentzian flat Lie group (G, µ) admits a timelike left-invariant Killing vector
field if and only if G admits a left-invariant Riemannian metric which has the
same Levi-Civita connection of µ. Finally, we give an useful characterization of left-
invariant pseudo-Riemannian flat metrics on Lie groups G satisfying the property:
for any couple of left invariant vector fields X and Y their Lie bracket [X,Y ] is a
linear combination of X and Y .
Re´sume´
Groupes de Lie Lorentziens Plats Admettant Un Champ de Killing In-
variant a` Gauche de Type Temps.
On appelle groupe de Lie lorentzien plat un groupe de Lie connexe muni d’une
me´trique lorentzienne plate invariante a` gauche. Dans cette Note, on de´termine tout
les groupes de Lie lorentziens plats qui admettent un champ de Killing invariant
a` gauche de type temps. On montre que de tels groupes de Lie sont 2-re´solubles
et unimodulaires et donc ge´ode´siquement complets. On montre aussi qu’un groupe
de Lie lorentzien plat (G, µ) admet un champ de Killing invariant a` gauche de
type temps si et seulement si G posse´de une me´trique riemannienne invariante
a` gauche qui a la meˆme connexion de Levi-Civita de µ. Finalement, on donne
une caracte´risation simple des me´triques pseudo-riemanniennes plates invariantes
a` gauche sur les groupes de Lie G qui ve´rifient la proprie´te´ suivant : pour tout
couple de champ de vecteurs invariant a` gauche X et Y , leur crochet de Lie [X,Y ]
est combinaison line´aire de X et Y .
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Version franc¸aise abre´ge´e
Un groupe de Lie pseudo-riemannien est un groupe de Lie G muni d’une
me´trique pseudo-riemannienne invariante a` gauche µ. Si la me´trique est rie-
mannienne (resp. de signature (−,+, . . . ,+)), le groupe de Lie est dit rie-
mannien (resp. lorentzien). Soit (G, µ) un groupe de Lie pseudo-riemannien et
(g, 〈 , 〉) son alge`bre de Lie ou` 〈 , 〉 est la valeur de µ en l’e´le´ment neutre e. On
de´note par S(g) la sous-alge`bre de g de´finie par S(g) = {u ∈ g/adu+ad
∗
u = 0}
ou` ad∗u est l’adjoint de adu relativement a` 〈 , 〉. Il est facile de voir qu’un
champ de vecteur X sur G invariant a` gauche est de Killing si et seulement
si X(e) ∈ S(g). La connexion de Levi-Civita de µ de´finie sur g un produit dit
de Levi-Civita par la relation (1). Il est connu qu’un groupe de Lie pseudo-
riemannien plat est ge´ode´siquement complet si et seulement si le groupe est
unimodulaire [3]. Dans [5], J. Milnor a caracte´rise´ les groupes de Lie rie-
manniens plats, et tout ces groupes sont ge´ode´siquement complets. Dans [2]
Theorem 3.1, les auteurs ont donne´ une formulation plus pre´cise du the´ore`me
de Milnor. Dans le cas lorentzien, les seuls groupes de Lie lorentziens plats
connus sont ceux nilpotents [3], et ceux dont le centre de leur alge`bre de
Lie est de´ge´ne´re´ [1]. Tous ces groupes de Lie lorentziens sont ge´ode´siquement
complets. Rappelons qu’un champ de vecteur X dans une varie´te´ lorentzienne
(M,µ) est dit de type temps si, pour tout p ∈ M , µp(Xp, Xp) < 0. Plusieurs
auteurs se sont inte´re´sse´s aux varie´te´s lorentziennes qui admettent un champ
de Killing de type temps. Cette condition donne des informations importantes
sur la structure de la varie´te´ (voire par exemple [7]). Le premier objectif de
cette Note est de de´montrer le the´ore`me suivant :
The´ore`me 0.1 Soit (G, µ) un groupe de Lie lorentzien. Alors G est plat et
admet un champ de Killing invariant a` gauche de type temps si et seulement si
son alge`bre de Lie g se de´compose en une somme orthogonale g = S(g)⊕ [g, g],
avec [g, g] abe´lien, S(g) abe´lienne et contienne un vecteur de type temps. Dans
ce cas [g, g] est de dimension paire, et le produit de Levi-Civita est donne´ par
(2).
On de´duit de ce the´ore`me les corollaires suivants :
Corollaire 0.2 Tout groupe de Lie lorentzien plat qui admet un champ de
Killing invariant a` gauche de type temps est 2-re´soluble et unimodulaire et
donc il est ge´ode´siquement complet.
Corollaire 0.3 Soit (G, µ) un groupe de Lie lorentzien plat. Alors G admet un
champ de Killing invariant a` gauche de type temps si et seulement si G admet
une me´trique riemannienne invariante a` gauche qui a la meˆme connexion de
Levi-Civita que µ.
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On de´note par C la classe des groupes de Lie G non abe´lien et ve´rifiant, pour
tout x, y ∈ g, le crochet [x, y] est combinaison line´aire de x et y. Le deuxie`me
objectif de cette Note est de donner une condition ne´cessaire et suffisante pour
qu’une me´trique pseudo-riemannienne invariante a` gauche sur un groupe de
Lie dans C soit plate.
The´ore`me 0.4 Soit G ∈ C et µ une me´trique pseudo-riemannienne inva-
riante a` gauche sur G. Alors µ est plate si et seulement si la restriction de
〈 , 〉 a` l’ide´al de´rive´ [g, g] est de´ge´ne´re´.
On de´duit aise´ment le corollaire suivant.
Corollaire 0.5 Soit G ∈ C. Alors toute me´trique pseudo-riemannienne inva-
riante a` gauche µ sur G dont la restriction de 〈 , 〉 a` [g, g] est de´ge´ne´re´ est
incomple`te.
1 Introduction and main results
A Lie group G together with a left-invariant pseudo-Riemannian metric is
called pseudo-Riemannian Lie group. When the metric is definite positive or
of signature (−,+, . . . ,+) the group is called Riemannian or Lorentzian. Let
(G, µ) be a pseudo-Riemannian Lie group and g its Lie algebra endowed with
the inner product 〈 , 〉 = µ(e). The Levi-Civita connection of (G, µ) defines a
product (u, v) −→ uv on g called Levi-Civita product given by:
2〈uv, w〉 = 〈[u, v], w〉 − 〈[v, w], u〉+ 〈[w, u], v〉. (1)
For any u ∈ g, we denote by Lu and Ru respectively the left multiplication
and the right multiplication on g given by Lu(v) = uv and Ru(v) = vu. For
any u ∈ g, Lu is skew-symmetric with respect to 〈 , 〉, and adu = Lu − Ru
where adu : g −→ g is given by adu(v) = [u, v].
The curvature of (g, 〈 , 〉) is given by K(u, v) = L[u,v]− [Lu,Lv]. If K vanishes
identically (G, µ) is called pseudo-Riemannian flat Lie group. Let S(g) be the
Lie subalgebra of g defined by S(g) = {u ∈ g/adu + ad
∗
u = 0}, where ad
∗
u is
the adjoint of adu with respect to 〈 , 〉. It is easy to see that a left invariant
vector field X on G is a Killing vector field iff X(e) ∈ S(g).
It is a well-known result that a pseudo-Riemannian flat Lie group is geodesi-
cally complete if and only if it is unimodular [3]. In [5], J. Milnor characterized
Riemannian flat Lie groups. In [1,2] there is a more precise version of Milnor’s
Theorem: A Lie group is a Riemannian flat Lie group if and only if its Lie
algebra g splits as an orthogonal direct sum: g = S(g)⊕ [g, g], where S(g) and
[g, g] are abelian. Moreover, in this case the dimension of [g, g] is even and the
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Levi-Civita product is given by:
La =


ada if a ∈ S(g),
0 if a ∈ [g, g].
(2)
In the Lorentzian case, the only known Lorentzian flat Lie groups are those
nilpotent [3] and those with degenerate center [1]. Their Lie algebras are de-
termined by the double extension process, and the metric in both cases is
complete.
Recall that a vector field X on a Lorentzian manifold (M, g) is called timelike
(resp. spacelike, null) if gp(Xp, Xp) < 0 (resp. gp(Xp, Xp) > 0, gp(Xp, Xp) = 0)
for any p ∈ M . Many authors in mathematics and physics are interested in
the existence of timelike Killing vector field in a Lorentzian manifold. This
condition implies interesting information on the structure of the manifold. In
General Relativity, if this condition is satisfied, then the Lorentzian manifold
is called stationary, and it is known that any compact stationary manifold is
geodesically complete [7].
Our first and main purpose in this paper is to determine Lorentzian flat Lie
groups admitting a timelike left-invariant killing vector field. More precisely,
we will prove the following result.
Theorem 1.1 Let (G, µ) be a Lorentzian Lie group. Then it is flat and carries
a timelike left invariant killing vector field if and only if its Lie algebra g splits
as an orthogonal direct sum g = S(g)⊕ [g, g], where [g, g] is abelian, and S(g)
is abelian and contains a timelike vector. Moreover, in this case the dimension
of [g, g] is even and the Levi-Civita product is given by (2).
Corollary 1.2 A Lorentzian flat Lie group which admits a timelike left-invariant
killing vector field is 2-solvable and unimodular and hence geodesically com-
plete.
If the Lie group is non abelian, then we find a family of non compact stationary
manifolds that are geodesically complete.
Corollary 1.3 Let (G, µ) be a Lorentzian flat Lie group. The existence of
timelike left-invariant killing vector field on G is equivalent to the existence of
left-invariant Riemannian metric on G with the same Levi-Civita connection
of µ.
On the other hand, we define the class C consisting of those Lie groups G
which are non commutative and their Lie algebras satisfy: for all x and y in
G, [x, y] is a linear combination of x and y. This class C has been studied by
several authors. J. Milnor in [5] showed that every left-invariant Riemannian
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metric on G ∈ C has constant negative sectional curvature. K. Nomizu in [6]
showed that every left invariant Lorentzian metric on G ∈ C has constant
sectional curvature which can be positive, negative or null.
The following theorem gives an useful characterization of flat pseudo-Riemannian
left invariant metric on a Lie group belonging to C.
Theorem 1.4 Let G be a non commutative Lie group that belongs to C, and
µ a left-invariant pseudo-Riemannian metric on G. Then µ is flat if and only
if the restriction of µ(e) to [g, g] is degenerate.
We deduce the following corollary.
Corollary 1.5 Let G in C. Then G is non unimodular and hence any left-
invariant pseudo-Riemannian metric µ on G such that the restriction of µ(e)
to [g, g] is degenerate is geodesically incomplete.
2 Proofs of Theorems
This section is devoted to the proofs of the results of the last section. The
following proposition proved in [1] Lemma 3.1 will be useful later.
Proposition 2.1 Let (G, µ) be a Riemannian or Lorentzian flat Lie group,
then:
S(g) = (gg)⊥ = {u ∈ g/Ru = 0}.
In particular S(g) is abelian.
2.1 Proof of Theorem 1.1
Let (g, 〈 , 〉) be a flat Lorentzian Lie algebra. Suppose that there exists u ∈
S(g) = (gg)⊥ such that 〈u, u〉 < 0. Then the restriction of 〈 , 〉 to u⊥ is definite
positive and so for S(g)⊥ = gg ⊂ u⊥. Then g = S(g)⊕gg and the restriction of
〈 , 〉 to S(g) is nondegenerate Lorentzian. Let us show that h = gg is abelian
and h = [g, g]. It is clear that h is a Riemannian flat Lie algebra and hence
h = S(h)⊕ [h, h],
where S(h) and [h, h] are abelian. Moreover, there exist λ1, . . . , λp ∈ S(h)
∗\{0}
and orthonormal basis (e1, . . . , e2p) of [h, h] such that
∀i = 1, . . . , p, ∀s ∈ S(h), ads(e2i−1) = λi(s)e2i and ads(e2i) = −λi(s)e2i−1.
On the other hand, for any s ∈ S(g), ads which is skew-symmetric leaves h
invariant and so it leaves [h, h] also invariant and hence S(h). Moreover, if
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x ∈ S(h) satisfies [x, s] for any s ∈ S(g), then adx is skew-symmetric and then
x ∈ S(g) and hence x = 0. So there exists also µ1, . . . , µq ∈ S(g)
∗ \ {0} and
orthonormal basis (f1, . . . , f2q) of S(h) such that
∀i = 1, . . . , q, ∀s ∈ S(g), ads(f2i−1) = µi(s)f2i and ads(f2i) = −µi(s)f2i−1.
Suppose that h is non abelian. Without loss of generality we can suppose that
[f1, e1] = λ1(f1)e2 6= 0. We have also [f1, e2] = −λ1(f1)e1 6= 0. Moreover,
there exists s ∈ S(g) such that [s, f1] = µ1(s)f2 6= 0. We have necessarily
[f2, e1] = λ1(f2)e2 6= 0. Otherwise, if [f2, e1] = 0 then [f2, e2] = 0 and hence
ad[s,f2](e1)=−µ1(s)λ1(f1)e2
= [ads, adf2 ](e1)
= [[s, e1], f2]
=
2p∑
i=3
αiei.
This is impossible since µ1(s)λ1(f1) 6= 0. On the other hand, we have
0= [e1, [f1, s]] + [f1, [s, e1]] + [s, [e1, f1]]
=−µ1(s)[e1, f2] + [f1,
2p∑
i=2
βiei]− λ1(f1)[s, e2]
=µ1(s)λ1(f2)e2 + γ1e1 +
2p∑
i=3
γiei.
This is impossible and hence h is abelian.
Now it is obvious that [g, g] ⊂ h and [h, h] ⊂ [g, g]. On the other hand, for
any i = 1, . . . , 2q, there exists s ∈ S(g) such that [s, f2i−1] = µi(s)f2i 6= 0
and [s, f2i] = −µi(s)f2i−1 6= 0. This shows that f2i−1, f2i ∈ [g, g]. Conversely,
if the Lie algebra g of the Lorentzian Lie group (G, µ) splits as an orthogonal
direct sum g = S(g)⊕ [g, g] where S(g) and [g, g] are abelian, and there exists
a timelike vector in S(g) then the Levi-Civita product is given by (2) which
implies that (G, µ) is a Lorentzian flat Lie group which admits a timelike
left-invariant Killing vector field. 
2.2 Proof of Corollary 1.3
Let (G, µ) be a Lorentzian flat Lie group and (g, 〈 , 〉) its Lorentzian flat
Lie algebra. If (G, µ) admits a timelike left-invariant Killing vector field, then
according to Theorem 1.1, g = S(g) ⊕ [g, g] where S(g) is nondegenerate
Lorentzian and [g, g] is nondegenerate Euclidean. Choose any definite positive
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product 〈 , 〉s on S(g) and define 〈 , 〉
′ on g as the orthogonal sum of 〈 , 〉s
and the restriction of 〈 , 〉 to [g, g]. It is easy to check that the left invariant
Riemannian metric on G associated to 〈 , 〉′ has the same Levi-Civita connec-
tion as µ.
Conversely, suppose that G possesses a left-invariant Riemannian metric µ′
with the same Levi-Civita connection of µ. Put 〈 , 〉 = µ(e) and 〈 , 〉′ = µ′(e).
Since µ and µ′ have the same Levi-Civita connection then, according to Propo-
sition 2.1 µ and µ′ have also the same space of left invariant Killing vector
fields identified to S(g). Then, by applying both [1] Theorem 3.1 and Theo-
rem 1.1, we get g = S(g)⊕ [g, g] and this splitting is orthogonal wit respect to
〈 , 〉 and 〈 , 〉′. If the restriction of 〈 , 〉 to S(g) is Lorentzian then µ admits
obviously a left invariant timelike Killing vector field. Suppose now that the
restriction of 〈 , 〉 to [g, g] is Lorentzian. Then there exists a basis (e1, . . . , ep)
of [g, g] which is orthogonal with respect to 〈 , 〉 and orthonormal with respect
to 〈 , 〉′ and such that, 〈ei, ei〉 > 0 for i = 1, . . . , p − 1 and 〈ep, ep〉 < 0. Let
s ∈ S(g). We have 〈[s, ep], ep〉 = 0 and for any i = 1, . . . , p− 1,
〈[s, ep], ei〉= 〈[s, ep], ei〉
′〈ei, ei〉
=−〈[s, ei], ep〉
=−〈[s, ei], ep〉
′〈ep, ep〉
= 〈[s, ep], ei〉
′〈ep, ep〉.
Since 〈ep, ep〉 < 0 and 〈ei, ei〉 > 0 then 〈[s, ep], ei〉 = 0 and hence [s, ep] = 0 for
any s ∈ S(g) and hence ep lies in the center of g and thus ep ∈ S(g) which is
impossible. This completes the proof of the corollary. 
2.3 Proof of Theorem 1.4
Let (G, µ) be a pseudo-Riemannian Lie group and (g, 〈 , 〉) its pseudo-
Riemannian Lie algebra.
Milnor in [5] has shown that G ∈ C if and only if g contains an abelian ideal
U of codimension 1 and an element b /∈ U such that [b, x] = x for every x ∈ U .
Note that U = [g, g].
If µ is flat, then since G is non unimodular, thus according to [1] Proposition
3.1, we deduce that the restriction of 〈 , 〉 to [g, g] is degenerate.
Conversely, if the restriction of 〈 , 〉 to [g, g] is degenerate, then there exists
e ∈ [g, g] such that 〈e, x〉 = 0 for any x ∈ [g, g]. Let y ∈ g such that 〈e, y〉 6= 0.
We put:
d =
y
〈y, e〉
−
1
2
〈y, y〉
〈y, e〉2
e,
then 〈d, e〉 = 1 and 〈d, d〉 = 0.
The restriction of 〈 , 〉 to span{e, d} is non degenerate, thus if we put B =
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span{e, d}⊥ then we have g = Re⊕ B ⊕ Rd where [g, g] = Re⊕ B.
We have d = αb + u0 where α ∈ R \ {0} and u0 ∈ [g, g]. Then the only non-
vanishing brackets are [d, e] = αe, [d, u] = αu for any u ∈ [g, g]. Using the
equation 1, we deduce that the Levi-Civita product is given by:
Le = 0 , de = αe , dd = −αd , du = ue = 0 , ud = −αu , uu
′ = α〈u, u′〉e
for u, u′ ∈ B.
From these relations we obtain K(e, d) = K(e, u) = K(d, u) = K(u, u′) = 0
for u, u′ ∈ B, which implies that the curvature K vanishes identically. 
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